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AN ATOMIC PROPERTY FOR ACYLINDRICALLY
HYPERBOLIC GROUPS
OLEG BOGOPOLSKI AND SAMUEL M. CORSON
Abstract. We describe homomorphisms for which the codomain is acylin-
drically hyperbolic and the domain is either the Hawaiian earring group, or a
topological group which is completely metrizable or locally compact Hausdorff.
It is shown that elements of the domain which are sufficiently close to the iden-
tity element must map to the set of elliptic elements in the codomain. Some
automatic continuity results for relatively hyperbolic groups and fundamental
groups of graphs of groups are also deduced.
1. Introduction
The acylindrically hyperbolic groups- those groups which admit a non-elementary
acylindrical action on a hyperbolic space- have become a focus of attention in geo-
metric group theory. The class of such groups is large enough to admit a great num-
ber of groups of classical interest. Examples include non-(virtually cyclic) groups
that are hyperbolic relative to proper subgroups, many 3-manifold groups, many
groups acting on trees, non-(virtually cyclic) groups acting properly on proper
CAT(0)-spaces and containing rank-one elements, non-cyclic directly indecompos-
able right-angled Artin groups, all but finitely many mapping class groups, groups
of deficiency at least 2, Out(Fn) for n > 2 (see [23, 24] for references and historical
remarks).
Despite the breadth of this class, many of the remarkable results on (relatively)
hyperbolic groups can be appropriately generalized to the case of acylindrically hy-
perbolic groups. For example, each acylindrically hyperbolic group is SQ-universal
[11] and each countable acylindrically hyperbolic group G has a finitely generated
quotient H having the same set of orders of elements as G and such that two
elements in H are conjugate if and only if they have the same order [18].
We study homomorphisms ϕ whose domain is a group admitting certain notions
of infinite multiplication and whose codomain is an acylindrically hyperbolic group
(in fact, we consider a class slightly broader than that of acylindrically hyperbolic
groups). The upshot is that elements close enough to identity in the domain map
under ϕ to elliptic elements. One such domain for ϕ is the fundamental group of the
Hawaiian earring, which we denote HEG. The theorem in this case is the following
(the subgroups HEGn 6 HEG are defined in Section 2):
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Theorem A. Let G be a group which acts coboundedly and acylindrically on a
hyperbolic space S. Then for any abstract group homomorphism ϕ : HEG → G,
there exists a natural number n such that ϕ(HEGn) is a subgroup of G consisting
of only elliptic elements with respect to this action.
Another domain which we consider is a topological group which is either com-
pletely metrizable or locally compact Hausdorff. The theorem is analogous:
Theorem B. Let H be a topological group which is either completely metrizable or
locally compact Hausdorff. Let G be a group which acts coboundedly and acylin-
drically on a hyperbolic space S. Then for any abstract group homomorphism
ϕ : H → G there exists an open neighborhood V of identity 1H such that ϕ(V )
is a subset of G consisting of only elliptic elements with respect to this action.
Such results are called atomic properties in the literature (see [14] and [21]). Note
that in Theorems A and B we are not requiring the group G to be acyllindrically
hyperbolic. For example any group acts coboundedly and acylindrically on a point,
but the set of elliptic elements with respect to this action is all of G. We further
note that in Theorems A and B the conclusion cannot be strengthened to say that
ker(ϕ) contains some HEGn or that ker(ϕ) is open, respectively, as seen by an easy
example.
Example 1.1. The free product G = F2 ∗ (Z/2Z) of the free group of rank 2 and
the group of order 2 is non-elementary word hyperbolic and therefore acylindrically
hyperbolic. There exists a homomorphism from HEG to Z/2Z whose kernel does not
contain any HEGn (see, for example, [7]) and so such a homomorphism exists to G.
Also, by endowing the direct product
∏
N
(Z/2Z) with the Tychonov topology (each
factor being discrete) we obtain a topological group which is completely metrizable
and (locally) compact Hausdorff. Utilizing an ultrafilter or a vector space argument
one can construct a group homomorphism to Z/2Z, and therefore to G, which does
not have open kernel.
Theorems A and B have many applications. For example, we recover as a corol-
lary the fact that any endomorphism of the Hawaiian earring group is induced up
to conjugacy by a continuous map (see [13, Corollary 2.11]). Other applications
include automatic continuity results for homomorphisms whose domain is as in
Theorem A or B and whose codomain is relatively hyperbolic or the fundamental
group of a graph of groups.
More concretely a group G is cm-slender if every abstract homomorphism from a
completely metrizable topological group H to G has open kernel [6]. Similarly one
defines G to be lcH-slender (respectively n-slender) by replacing H with a locally
compact Hausdorff group (respectively HEG). Free (abelian) groups were classically
shown to be cm-slender, lcH-slender and n-slender (see [12] and [19]). More recent
work has shown that torsion-free word hyperbolic groups, right-angled Artin groups,
braid groups and many other groups satisfy various of these slenderness conditions
(see [21], [6], [9], [20]).
We show, for example, that if G is torsion-free and relatively hyperbolic with
respect to n-slender peripheral subgroups then G is itself n-slender, as well as
comparable claims for cm-slender and lcH-slender peripherals (see Corollary 6.13).
When the action of the fundamental group G of a graph of groups on the Bass-Serre
tree is sufficiently nice, one can similarly infer that G is (n-, cm-, or lcH-)slender
provided the vertex groups are (see Corollary 6.21).
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The paper is organized as follows. We first provide some background in Sections 2
and 3. The two main results are then proved in Sections 4 and 5. Some applications
of the main results are given in Section 6.
2. Hawaiian earring and its fundamental group
We define N = {1, 2, . . .} and N0 = N ∪ {0}. The Hawaiian earring is the
subspace E =
⋃
n∈N Cn of the Euclidean plane R
2 where Cn is the circle with
center (− 1n , 0) and radius
1
n , see Fig. 1.
. . .
Fig. 1. Hawaiian earring
We stress that E is a topological space with the topology induced by that of the
Euclidean plane. The fundamental group of E with respect to the basepoint (0,0)
is denoted by HEG in the present paper. The unusual properties of this group have
been explored over the last several decades. Higman showed that HEG is not free
(see [19] and [16]). Much later the abelianization of HEG was explicitly computed
by Eda and Kawamura [15] and was shown to include exotic direct summands, as
well as the group R.
We recall a combinatorial description of this group, which somewhat resembles
that for free groups (see [13]).
For a totally ordered set X let X∗ be the same set with the reverse order. For
two totally ordered sets X and Y we define their concatenation as the set X ⊔ Y
together with the order which preserves that of both X and Y and places elements
in X below those of Y .
Let A = {a±1n }n∈N be a countably infinite set with formal inverses. By W (A)
we denote the class of all maps w : X → A with the following two properties:
(1) X is a totally ordered set;
(2) for each a ∈ A the set {i ∈ X |w(i) = a} is finite.
The elements of W (A) are called words. For a word w : X → A we define
the inverse word w−1 : X∗ → A by setting w−1(i) = (w(i))−1. For two words
w : X → A and u : Y → A we define their concatenation wu : X ⊔ Y → A by
wu(i) =
{
w(i) if i ∈ X
u(i) if i ∈ Y
.
Note that W (A) is not a group since W (A) is a class (not a set yet) and since the
concatenation ww−1 does not coincide with the trivial map ∅ : ∅ → A.
To define a group, we first define an equivalence relation ≡ on W (A): Given two
words w : X → A and u : Y → A, we write w ≡ u provided there exists an order
isomorphism ϕ : X → Y such that w(i) = u(ϕ(i)). For brevity, we denote the set
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W (A)/ ≡ again by W (A) and we will term the ≡ classes as words. Now we may
assume that W (A) is a set.
There are two ways to transform W (A) to a group. The first way utilizes an
appropriate definition of (infinite) cancellation in words. The second way (which
we describe below) uses restriction maps pn :W (A)→ Fn, where n ∈ N0 and Fn is
the free group with basis {a1, . . . , an}.
For a word w : X → A we define
pn(w) = w ↾ {i ∈ X | w(i) ∈ {a
±1
1 , . . . , a
±1
n }}.
For w, u ∈ W (A) we write w ∼ u provided that for every n ∈ N the words pn(w) and
pn(u) are equal as elements in the free group Fn. The quotient set HEG =W (A)/ ∼
possesses a group structure given by concatenation: [w][u] = [wu] and [u]−1 = [u−1].
For each n ∈ N0, we define subgroups HEGn and HEG
n of the group HEG:
• The subgroup HEGn consists of those elements of HEG which have a rep-
resentative w : X → A satisfying w(X) ⊆ {a±11 , . . . , a
±1
n }.
• The subgroup HEGn consists of those elements of HEG which have a rep-
resentative w : X → A satisfying w(X) ∩ {a±11 , . . . , a
±1
n } = ∅.
Then, for each n ∈ N0, there is a natural decomposition HEG ≃ HEGn ∗HEG
n.
Moreover, there are natural isomorphisms HEGn ≃ Fn and HEG
n ≃ HEG.
The group HEG can be considered as a topological group with respect to the
topology T for which the set {ker(pn) |n ∈ N0} is a basis of open sets of neighbor-
hoods of the neutral element. Note that ker(pn) coincides with the normal closure
of the subgroup HEGn in HEG.
3. Acylindric actions of groups on hyperbolic spaces
In this paper, all actions of groups on metric spaces are supposed to be isometric.
Recall that a groupG acts coboundedly on a metric space S if there exists a bounded
subset B ⊂ S such that S = G ·B.
We work only with rectifiable paths in metric spaces. In most cases the paths
under consideration are just finite concatenations of geodesics. At some point we
consider a bi-infinite path, whose construction is given precisely. For a path p, let
p− and p+ denote the initial and the terminal points of p and ℓ(p) the length of p.
For κ > 1 and ε > 0, we call the path p a (κ, ε)-quasi-geodesic if for any subpath
q of p holds
d(q−, q+) >
1
κ
ℓ(q)− ε.
Let M > 0. A path p is called an M -local (κ, ε)-quasi-geodesic if for any subpath
q of p with ℓ(q) 6M the above inequality holds.
For two subsets A,B in a metric space S let dHau(A,B) be the Hausdorff distance
between A and B.
3.1. Hyperbolic spaces. Let A,B,C be three points in a metric space S. Recall
that the Gromov product of A,B with respect to C is the number
(A,B)C :=
d(C,A) + d(C,B) − d(A,B)
2
.
We use the following definition of a δ-hyperbolic space (see [5, Chapter III.H,
Definition 1.16 and Proposition 1.17]).
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For δ > 0, we say that a geodesic triangle ABC in S is δ-thin at the vertex C
if for any two points A1 and B1 on the sides [C,A] and [C,B] with d(C,A1) =
d(C,B1) 6 (A,B)C , we have d(A1, B1) 6 δ. We say that a metric space S is δ-
hyperbolic if it is geodesic and every geodesic triangle in S is δ-thin at each of its
vertices.
Lemma 3.1. (see [8, Chapitre 3, The´ore`me 3.1]) For all δ > 0, κ > 1, ε > 0, there
exists a constant µ = µ(δ,κ, ε) > 0 with the following property:
If S is a δ-hyperbolic space and p and q are infinite (κ, ε)-quasi-geodesics in S
with the same limit points on the Gromov boundary ∂S, then the Hausdorff distance
between p and q is at most µ(δ,κ, ε).
Lemma 3.2. (see [8, Chapitre 3, The´ore`me 1.4]) Let S be a δ-hyperbolic space. Let
k > 1, k′ > k and l > 0. There exists a real number M = M(δ, k, k′, l) > 0 such
that every M -local (k, l)-quasi-geodesic is a global (k′, l)-quasi-geodesics.
3.2. Acylindrical actions.
Definition 3.3. (see [4]) An action G y S of a group G on a metric space (S, d)
is acylindrical if for each ǫ > 0 there exist R,N > 0 such that for any two points
p, q ∈ S satisfying d(p, q) > R the set
{g ∈ G | d(p, gp) 6 ǫ and d(q, gq) 6 ǫ}
is of cardinality at most N .
Recall that an action of a group G on a hyperbolic space S is called elementary
if the limit set of G on the Gromov boundary ∂G contains at most 2 points.
Definition 3.4. (see [23, Definition 1.3]) A group G is called acylindrically hyper-
bolic if it satisfies one of the following equivalent conditions:
(AH1) There exists a generating set X of G such that the corresponding Cayley
graph Γ(G,X) is hyperbolic, |∂Γ(G,X)| > 2, and the natural action of G
on Γ(G,X) is acylindrical.
(AH2) G admits a non-elementary acylindrical action on a hyperbolic space.
In the case (AH1), we also write that G is acylindrically hyperbolic with respect to
X .
Definition 3.5. Given a group G acting on a metric space S, an element g ∈ G
is called elliptic if some (equivalently, any) orbit of g is bounded, and loxodromic
if the map Z → S defined by n 7→ gnx is a quasi-isometric embedding for some
(equivalently, any) x ∈ S. That is, for x ∈ S, there exist κ > 1 and ε > 0 such that
for any n,m ∈ Z we have
d(gnx, gmx) >
1
κ
|n−m| − ε.
The set of loxodromic (respectively elliptic) elements of G with respect to this
action is denoted by Lox(Gy S) (respectively by Ell(Gy S).
Bowditch [4, Lemma 2.2] proved that every element of a group G acting acylin-
drically on a hyperbolic space is either elliptic or loxodromic (see a more general
statement in [23, Theorem 1.1]). Every loxodromic element g of such group G is
contained in a unique maximal virtually cyclic subgroup [11, Lemma 6.5]. This
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subgroup, denoted by EG(g), is called the elementary subgroup associated with g;
it can be described as follows (see equivalent definitions in [11, Corollary 6.6]):
EG(g)= {f ∈ G | ∃n ∈ N : f
−1gnf = g±n}.
Lemma 3.6. (see [23, Lemma 6.8]) Suppose that a group G acts acylindrically on a
hyperbolic space S. Then there exists L ∈ N such that for every loxodromic element
g ∈ G, EG(g) contains a cyclic subgroup of index at most L.
Definition 3.7. Suppose that G acts on a metric space (S, d). Let s0 be a point
in S. Then we define a G-equivariant pseudo-metric ds0 on G by the formula
ds0(g, h) = d(gs0, hs0), where g, h ∈ G. We set |g|s0 = ds0(1, g). We call the
function | · |s0 : G→ R>0 the length function on G induced by the action of G on
the based space (S, s0).
Note that if X is a generating set of G, then the length function on G induced by
the action of G on the based Cayley graph (Γ(G,X), 1) is the usual length function
on G with respect to X .
Lemma 3.8. Let G be a group which acts coboundedly and acylindrically on a
hyperbolic space S. Let s0 be a point in S and | · |s0 : G → R>0 be the length
function on G induced by the action of G on the based space (S, s0). Then there
exists a constant K > 0 such that the following holds: For any g ∈ Ell(G y S)
there exists h ∈ G such that |h−1gnh|s0 6 K for any n ∈ Z.
Proof. For any point s ∈ S any real r > 0 let Br(s) be the open ball in S of radius
r with the center at s. Since the action of G on S is cobounded, there exists a
constant L > 0 such that
S = G · BL(s0). (3.1)
Let δ > 0 be a constant such that S is δ-hyperbolic and let g be an element from
Ell(G y S). Then there exists a point s ∈ S such that the diameter of the orbit
〈g〉s is less than 4δ + 1 (see [23, Corollary 6.7]; the proof can be also extracted
from [3]). Thus, 〈g〉s ⊆ B4δ+1(s). By (3.1), there exist an element h ∈ G and
a point s1 ∈ BL(s0) such that s = hs1. Then h−1〈g〉hs1 ⊆ B4δ+1(s1). Thus
h−1〈g〉hs0 ⊆ BK(s0) for K = 2L+ 4δ + 1. 
In the following we use variants of Lemmas 2.10 and Lemma 2.11 from [1]. These
lemmas were formulated for groups G and generating sets X of G such that the
Cayley graph Γ(G,X) is hyperbolic and G acts acylindrically on Γ(G,X). They
can be easilly adopted to the case where G acts coboundedly and acylindrically on
a hyperbolic space.
Lemma 3.9. (see [1, Lemma 2.10]) Let G be a group which acts coboundedly and
acylindrically on a hyperbolic space S. Let s0 be a point in S and | · |s0 : G→ R>0
be the length function on G induced by the action of G on the based space (S, s0).
Then there exists a constant N0 ∈ N such that the following holds: For any a, b ∈
Lox(Gy S) with EG(a) 6= EG(b) and for any n,m ∈ N we have that
|anbm|s0 >
min{n,m}
N0
.
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Lemma 3.10. (see [1, Lemma 2.11]) Let G be a group which acts coboundedly and
acylindrically on a hyperbolic space S. Let s0 be a point in S and | · |s0 : G→ R>0
be the length function on G induced by the action of G on the based space (S, s0).
Then there exists a constant N1 ∈ N such that the following holds: For any a ∈
Lox(Gy X), for any b ∈ Ell(Gy X) \ EG(a), and for any n ∈ N we have that
|anb|s0 >
n
N1
.
Corollary 3.11. Let G be a group which acts coboundedly and acylindrically on
a hyperbolic space S. Then there exists a constant C0 ∈ N such that the following
holds: For any a, b ∈ Lox(Gy S) with EG(a) 6= EG(b) and for any n,m > C0 we
have that anbm ∈ Lox(Gy S).
Proof. Let s0 be a point in S and | · |s0 : G → R>0 be the length function on G
induced by the action of G on the based space (S, s0). We set C0 = ⌈K⌉N0, where
K and N0 are the constants from Lemmas 3.8 and 3.9, respectively.
Suppose to the contrary that there exist a, b ∈ Lox(G y S) and n,m > C0
such that anbm ∈ Ell(G y S). By Lemma 3.8, there exists g ∈ G such that
|g−1(anbm)g|s0 6 K. We set a1 = g
−1ag, b1 = g
−1bg. Then a1, b1 ∈ Lox(G y S)
and |an1 b
m
1 |s0 6 K. This contradicts Lemma 3.9, which says that
|an1 b
m
1 |s0 >
min{n,m}
N0
> K.

The proof of the following corollary follows analogously from Lemma 3.10.
Corollary 3.12. Let G be a group which acts coboundedly and acylindrically on a
hyperbolic space S. There exists a constant C1 ∈ N such that the following holds:
If a ∈ Lox(G y S) and b ∈ Ell(G y S) \ EG(a), then a
nb ∈ Lox(G y S) for
any n > C1.
3.3. Translation lengths and stable norms. The aim of this subsection is to
prove Corollary 3.23 that will be used in the proof of Theorem A.
Definition 3.13. (see [8] and [17]) Suppose that G is a group acting on a metric
space S. Let g be an element of G.
The translation length of g is the number [g] defined by
[g] = inf
s∈S
d(s, gs).
The stable norm of g is the number ||g|| defined by
||g|| = lim
n→∞
1
n
d(s, gns),
where s is an arbitrary point of S. One can show that this definition does not
depend on the choice of s. This limit exists since the function f : N → R>0,
n 7→ d(s, gns), is subadditive.
The following lemma is quite trivial.
Lemma 3.14. The stable norm satisfies the following properties.
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(1) [g] > ||g|| = inf
n∈N
d(s, gns)
n
.
(2) ||x−1gx|| = ||g|| for any x ∈ G.
(3) ||gk|| = |k| · ||g|| for any k ∈ Z.
Lemma 3.15. [8, Chapitre 10, Proposition 6.4] Let S be a δ-hyperbolic space and
g a loxodromic isometry of S. Then
||g|| 6 [g] 6 ||g||+ 32δ.
Definition 3.16. Let G be a group acting on a metric space S and let g be a
loxodromic element in G and s be a point in S. We choose a geodesic path p0 with
(p0)− = s and (p0)+ = gs and set pi = g
ip0 for any i ∈ Z. The bi-infinite path
. . . p−1p0p1 . . . is denoted by L(s, g). For ε > 0 we call the path L(s, g) an ε-line
of g if d(s, gs) 6 [g] + ε. We define an ε-axis of g as follows:
Aε(g) = {x ∈ S | d(x, gx) 6 [g] + ε}.
Clearly, any ε-line of g lies in the ε-axis of g.
Lemma 3.17. (see [10, Proposition 2.28]) Let g be a loxodromic isometry of a
δ-hyperbolic space S and s be an arbitrary point of S. Then
d(s, gs) > 2d(s, A8δ(g)) + [g]− 6δ.
Definition 3.18. Let G be a group acting on a metric space. The injectivity radius
for the action of G on S is the number
inj (Gy S) = inf{||g|| : g ∈ Lox(Gy S)}.
Bowditch proved the following important lemma.
Lemma 3.19. ([4, Lemma 2.2]) If G acts acylindrically on a hyperbolic space S,
then inj (Gy S) > 0.
We deduce from this lemma the following corollary.
Corollary 3.20. Let G be a group which acts acylindrically on a δ-hyperbolic
space S. Then for any ε > 0, there exist constants κ = κ(ε) > 1 and τ = τ(ε) > 0
such that for any g ∈ Lox(G y S) we have that any ε-line of g is a (κ, τ)-quasi-
geodesic.
Proof. We set M = M(δ, 1, 2, ε+δ), see Lemma 3.2. Let g be a loxodromic element
of G and let L(s, g) be an ε-line of g. We call the points Ai = g
is the phase points
of L(s, g). Let pi be the subpath of L(s, g) with (pi)− = Ai and (pi)+ = Ai+1.
Clearly, pi is a geodesic.
Case 1. Suppose that [g] > M .
We claim that L(s, g) is an M -local (1, ε+ δ)-quasi-geodesic. Indeed, let q be a
subpath of L(s, g) of length less than or equal to M . If q is contained in some pn,
then q is a geodesic and the claim holds. Suppose that q is not contained in any
pn. Since ℓ(pn) > M for any n and ℓ(q) 6 M , the path q decomposes as q = q1q2,
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where q1 is a terminal subpath of some pi−1 and q2 is an initial subpath of some
pi. Let q3 be a geodesic path connecting q− and q+, see Fig. 2.
Ai−1 Ai Ai+1
q
−
q+
X Yg−1Y
Fig. 2. A part of the ε-line L(s, g).
Let ∆ be the geodesic triangle with the sides q1, q2, q3 and let X ∈ q1 and Y ∈ q2
be the points such that d(Ai, X) = d(Ai, Y ) = (q−, q+)Ai . Since ∆ is δ-thin, we
have d(X,Y ) 6 δ.
Subcase 1. Suppose that d(Ai, X) >
ε+δ
2 . Then
d(g−1Y, Y ) 6 d(g−1Y,X) + d(X,Y )
= d(Ai−1, Ai)− 2d(X,Ai) + d(X,Y )
< ([g] + ε)− (ε+ δ) + δ = [g],
a contradiction.
Subcase 2. Suppose that d(Ai, X) 6
ε+δ
2 . Then
d(q−, q+) = ℓ(q1) + ℓ(q2)− 2(q−, q+)Ai = ℓ(q)− 2d(Ai, X) > ℓ(q)− (ε+ δ).
Therefore L(s, g) is an M -local (1, ε+ δ)-quasi-geodesic. By Lemma 3.2, L(s, g)
is a global (2, ε+ δ)-quasi-geodesic.
Case 2. Suppose that [g] 6M .
Denote θ = inj (Gy S). By Lemmas 3.14 and 3.19 we have
[gn] > ||gn|| = n||g|| > nθ > 0 (3.2)
for all natural n. In particular,
M > [g] > θ. (3.3)
We prove that L(s, g) is an (α, β)-quasi-geodesic for α = 3(M+ε)θ and β = 2(M+ε).
Let p be a subpath of L(s, g). If p does not contain phase points of L(s, g), then p is
a geodesic path, and hence a (1, 0)-quasi-geodesic. Suppose that p contains at least
one phase point of L(s, g). Let q be the maximal subpath of p such that q− = g
is
and q+ = g
i+ns for some i ∈ Z and n ∈ N0. If n = 0 then ℓ(p) < 2([g] + ε) and it
is easy to check that
d(p−, p+) > 0 >
1
α
ℓ(p)− β.
If n > 0 then
d(p−, p+) > d(q−, q+)− 2([g] + ε)
> [gn]− 2([g] + ε)
> nθ − 2([g] + ε)
> 1α (3n(M + ε))− β
> 1α (n+ 2)([g] + ε)− β
> 1αℓ(p)− β.
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Thus, L(s, g) is an (α, β)-quasi-geodesic in this case. In both cases L(s, g) is a
(κ, τ)-quasi-geodesic for κ = max{2, α} and τ = max{ε+ δ, β}. 
Lemma 3.21. Let G be a group which acts acylindrically on a δ-hyperbolic space S.
For any ε > 0, there exists a constant ν = ν(δ, ε) > 0 such that for any loxodromic
element g ∈ G and any nonzero integers n,m, we have
dHau(Aε(g
n), Aε(g
m)) 6 ν(δ, ε).
Proof. Let s ∈ Aε(gn) and t ∈ Aε(gm) be arbitrary points. By Corollary 3.20, the
bi-infinite paths L(s, gn) and L(t, gm) are (κ(ε), τ(ε))-quasi-geodesics. Since these
quasi-geodesics have the same limit points on the Gromov boundary of S, then, by
Lemma 3.1, there exists a number µ = µ(δ,κ(ε), τ(ε)) such that
dHau(L(s, g
n), L(t, gm)) 6 µ.
Since s ∈ L(s, gn) and L(t, gm) ⊆ Aε(gm), we have
d(s, Aε(g
m)) 6 µ,
and the proof is completed. 
Proposition 3.22. Let G be a group which acts acylindrically on a δ-hyperbolic
space S. There exists a constant c0 > 0 with the following property: Let s0 be a
point in S and | · |s0 : G→ R>0 be the length function on G induced by the action
of G on the based space (S, s0). Then for any loxodromic element g ∈ G and any
nonzero integers n and m we have
|gn|s0 − |g
m|s0 > [g
n]− [gm]− c0.
In particular,
|gn|s0 − |g
m|s0 > (|n| − |m|) ||g|| − (c0 + 32δ).
Proof. Let λ > 0 be an arbitrary real number. Then there exists a point u ∈ A8δ(g
n)
such that
d(s0, u) < d(s0, A8δ(g
n)) + λ.
Using Lemma 3.17, we have
|gn|s0 = d(s0, g
ns0) > 2d(s0, A8δ(g
n)) + [gn]− 6δ
> 2d(s0, u) + [g
n]− (6δ + 2λ).
(3.4)
By Lemma 3.21, there exists a point v ∈ A8δ(gm) such that d(u, v) 6 ν(δ, 8δ).
Then
|gm|s0 = d(s0, g
ms0) 6 d(s0, v) + d(v, g
mv) + d(gmv, gms0)
= 2d(s0, v) + d(v, g
mv)
6 2(d(s0, u) + d(u, v)) + d(v, g
mv)
6 2
(
d(s0, u) + ν(δ, 8δ)
)
+
(
[gm] + 8δ
)
.
(3.5)
It follows from (3.4) and (3.5) that
|gn|s0 − |g
m|s0 > [g
n]− [gm]−
(
14δ + 2ν(δ, 8δ) + 2λ
)
.
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Since λ > 0 was arbitrary, we can set c0 = 14δ + 2ν(δ, 8δ) to satisfy the first
inequality in the proposition. The second inequality follows from the first one with
the help of Lemmas 3.14 and 3.15, which give the following estimations:
[gn] > ||gn|| = |n| · ||g||,
[gm] 6 ||gm||+ 32δ = |m| · ||g||+ 32δ.

Using the fact that ||g|| > inj (G y S) > 0, we deduce from Proposition 3.22
the following corollary.
Corollary 3.23. Let G be a group which acts acylindrically on a hyperbolic space S.
There exist constants α > 1 and β > 0 such that the following holds: Let s0 be a
point in S and | · |s0 : G→ R>0 be the length function on G induced by the action
of G on the based space (S, s0). Then for any loxodromic element g ∈ G and any
natural number n we have
|gn|s0 > |g|s0 +
1
α
n− β.
4. Proof of Theorem A
Let s0 be a point in S and | · |s0 : G→ R>0 be the length function on G induced
by the action of G on the based space (S, s0). To shorten the proof, we write |g|
instead of |g|s0 , Lox(G) instead of Lox(Gy S), and Ell(G) instead of Ell(Gy S).
Suppose the contrary. Then for any n ∈ N, there exists un ∈ HEG
n such that
ϕ(un) ∈ Lox(G). We define w1 ∈ HEG inductively by the formula wi = uni w
mi
i+1,
where n and mi are appropriate numbers, which we choose below. Thus,
w1 = u
n
1 (u
n
2 (. . . )
m2)m1 .
Denote Ui = ϕ(ui) and Wi = ϕ(wi). We have Wi = U
n
i W
mi
i+1. We have that
Ui ∈ Lox(G), but we cannot assert that Wi ∈ Lox(G).
• By Lemma 3.6, EG(Ui) contains a cyclic subgroup of index at most L. Let zi
be a generator of such a subgroup. Then there exists an integer Ki such that
UL!i = z
Ki
i . (4.1)
Replacing zi by z
−1
i if necessary, we may assume that Ki ∈ N. In the following
definition of numbers n and mi for i ∈ N we use
• the numbers C0 and C1 from Corollaries 3.11 and 3.12, and
• the numbers α > 1 and β > 0 from Corollary 3.23. Increasing α and β if
necessary, we may assume that α, β ∈ N.
We set N = max{C0, C1} and
n = NL!, Mi =
⌈
max{|Uni |, i+ 1}
⌉
, mi = 2αβnMiKi for i ∈ N. (4.2)
Claim 1. For all i ∈ N, we have Wi ∈ Lox(G).
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Proof. Recall that Wi = U
n
i W
mi
i+1. We consider four cases.
Case 1. Suppose that Wi+1 ∈ Lox(G) and EG(Ui) 6= EG(Wi+1). Then Wi ∈
Lox(G) by Lemma 3.11.
Case 2. Suppose that Wi+1 ∈ Lox(G) and EG(Ui) = EG(Wi+1). Then there
exists an integer Pi such that
WL!i+1 = z
Pi
i . (4.3)
From (4.1) and (4.3), and using (4.2), we deduce
Wi = U
n
i W
mi
i+1 = z
NKi+2αβNMiKiPi
i .
Hence Wi is a nontrivial power of a loxodromic element. Therefore Wi ∈ Lox(G).
Case 3. Suppose that Wi+1 ∈ Ell(G) and W
mi
i+1 /∈ EG(Ui). Then Wi ∈ Lox(G)
by Corollary 3.12.
• Thus, if Wi+1 satisfies assumptions of one of the Cases 1-3, then Wi ∈ Lox(G).
Case 4. Suppose that Wi+1 ∈ Ell(G) and W
mi
i+1 ∈ EG(Ui). It follows that
1) Wi = U
n
i W
mi
i+1 ∈ EG(Ui),
2) Wmii+1 has a finite order dividing L!.
• The element Wi+2 cannot satisfy assumptions of Cases 1-3, since Wi+1 ∈
Ell(G). Thus, Wi+2 satisfies assumptions of Case 4, and we have
1’) Wi+1 ∈ EG(Ui+1).
Since Wi+1 is an elliptic element in EG(Ui+1), its order divides L!. Since L! is
a divisor of mi, we have W
mi
i+1 = 1. Then Wi = U
n
i ∈ Lox(G). The proof of the
claim is completed. 
By Corollary 3.23, we have
|Wmii+1| > |Wi+1|+
mi
α
− β.
From (4.2) we deduce |Uni | 6Mi 6
mi
2α . Then
|Wi| = |U
n
i W
mi
i+1| > |W
mi
i+1| − |U
n
i | > |Wi+1|+
mi
2α
− β > |Wi+1|+ i.
It follows that
|W1| > |W2|+ 1 > |W3|+ 2 + 1 > · · · > |Wi+1|+ i+ (i − 1) + · · ·+ 1 >
i(i+ 1)
2
for all i ∈ N. A contradiction. 
5. Proof of Theorem B
Let H be a topological group which is either completely metrizable or locally
compact Hausdorff, G be a group which acts coboundedly and acylindrically on a
hyperbolic space S, and ϕ : H → G be a group homomorphism. We prove that
there exists an open neighborhood V of identity 1H such that ϕ(V ) ⊆ Ell(Gy S).
The proof is a modification of the proof of Theorem A.
Definition 5.1. We call an element h ∈ H pre-loxodromic if ϕ(h) ∈ Lox(Gy S).
Notation 5.2. For a subset U ⊆ H and a natural number k we denote
Uk := {hk |h ∈ U}, U1/k := {h ∈ H |hk ∈ U}.
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Constants 5.3. Select universal constants L,C0, C1 for the groupG from Lemma 3.6,
Corollary 3.11, and Corollary 3.12. Also select numbers α > 1 and β > 0 from
Corollary 3.23, without loss of generality both being natural numbers. As in the
proof of Theorem A we let N = max{C0, C1} and
n = NL!.
(a) Assume first that H is completely metrizable. Suppose for contradiction
that the conclusion of Theorem B fails, i.e. that any open neighborhood V of 1H
contains a pre-loxodromic element.
This implies the following claim, which will be used several times.
Claim 1. For any open neighborhood O of 1H and any natural k, the subset
O1/k contains a pre-loxodromic element.
Proof. There is an open neighborhood V of 1H such that V
k ⊆ O. By assumption,
V contains a pre-loxodromic element. 
Let d be a complete metric which gives the topology on H . We will construct a
sequence (ui)i∈N of pre-loxodromic elements of H and a sequence (Oi)i∈N of open
neighborhoods of 1H with special properties, which will finally lead to a contradic-
tion.
Let O1 be an arbitrary open neighborhood of 1H , say O1 = H .
Step 1. Select a pre-loxodromic element u1 ∈ O
1/n
1 . We set U1 = ϕ(u1) and define
the numbers K1,M1 and m1 as in (4.1) and (4.2). Select an open neighborhood O2
of 1H such that
d(un1 , u
n
1 O
m1
2 ) 6
1
2
.
Step 2. Select a pre-loxodromic element u2 ∈ O
1/n
2 . We set U2 = ϕ(u2) and define
the numbers K2,M2 and m2 as in (4.1) and (4.2). Select an open neighborhood O3
of 1H such that
d(un1 (u
n
2 )
m1 , un1 (u
n
2 O
m2
3 )
m1) 6 122 ,
d(un2 , u
n
2 O
m2
3 ) 6
1
22 .
Step i. Suppose that in previous steps we have already selected pre-loxodromic
elements u1, . . . , ui−1, numbers K1, . . . ,Ki−1 and M1, . . . ,Mi−1 and m1, . . . ,mi−1,
and neighborhoods O1, . . . ,Oi. Select a pre-loxodromic element ui ∈ O
1/n
i . We set
Ui = ϕ(ui) and define the numbers Ki,Mi and mi as in (4.1) and (4.2). Select an
open neighborhood Oi+1 of 1H such that
d
(
un1 (u
n
2 (· · · (u
n
i )
mi−1 · · · )m2)m1 , un1 (u
n
2 (· · · (u
n
i O
mi
i+1)
mi−1 · · · )m2)m1
)
6 12i ,
d
(
un2 (· · · (u
n
i )
mi−1 · · · )m2 , un2 (· · · (u
n
i O
mi
i+1)
mi−1 · · · )m2
)
6 12i ,
...
d
(
uni , u
n
i O
mi
i+1
)
6 12i .
For any r, i ∈ N, where i > r, we define the element
wr,i = u
n
r (u
n
r+1(· · ·u
n
i−1(u
n
i )
mi−1 · · · )mr+1)mr .
Claim 2. For any r ∈ N, the sequence (wr,i)i>r is Cauchy and hence converges.
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Proof. Using uni+1 ∈ Oi+1, we deduce from the last group of inequations that
d(w1,i, w1,i+1) 6
1
2i ,
d(w2,i, w2,i+1) 6
1
2i ,
...
d(wi,i, wi,i+1) 6
1
2i .
Then, for any j > i > r, we have
d(wr,i, wr,j) 6 d(wr,i, wr,i+1) + · · ·+ d(wr,j−1, wr,j) 6
1
2i
+ · · ·+
1
2j−1
<
1
2i−1
.

Let wr = lim
i→∞
wr,i. Passing to limit in the equation wr,i = u
n
rw
mr
r+1,i, which holds
for any i > r + 1, we obtain
wr = u
n
rw
mr
r+1.
Now perform the same argument as in the proof of Theorem A on the images under
ϕ of the ur and wr for a contradiction.
(b) Now we assume that H is locally compact Hausdorff. Suppose for contra-
diction that the conclusion of Theorem B fails, i.e. that any open neighborhood V
of 1H contains a pre-loxodromic element.
We will construct a sequence (ui)i∈N of pre-loxodromic elements of H and a
sequence (Oi)i∈N of open neighborhoods of 1H with special properties, which will
finally lead to a contradiction.
Let O1 be an open neighborhood of 1H for which the closure O1 is compact.
Step 1. Select a pre-loxodromic element u1 ∈ O
1/n
1 . We set U1 = ϕ(u1) and define
the numbers K1,M1 and m1 as in (4.1) and (4.2). Select an open neighborhood O2
of 1H for which
O1 ⊇ u
n
1O
m1
2 .
Step i. Suppose that in previous steps we have already selected pre-loxodromic
elements u1, . . . , ui−1, numbers K1, . . . ,Ki−1 and M1, . . . ,Mi−1 and m1, . . . ,mi−1,
and neighborhoods O1, . . . ,Oi. Select a pre-loxodromic element ui ∈ O
1/n
i . We set
Ui = ϕ(ui) and define the numbers Ki,Mi and mi as in (4.1) and (4.2). Select an
open neighborhood Oi+1 of 1H for which
Oi ⊇ u
n
i O
mi
i+1.
Letting J1 = O1, J2 = un1O2
m1
and for i > 2 letting
Ji = u
n
1 (u
n
2 (· · · (u
n
i−1Oi
mi−1
)mi−2 · · · )m2)m1 ,
it is clear that J1 ⊇ J2 ⊇ · · · and so the sequence {Ji}i∈N is a nesting sequence
of nonempty compacta in the Hausdorff space H . Let w1 ∈
⋂
i∈N Ji. Select i ∈ N
large enough that i > |ϕ(w1)|. Select wi+2 ∈ Oi+2 for which
w1 = u
n
1 (u
n
2 (· · · (u
n
i+1w
mi+1
i+2 )
mi · · · )m2)m1 .
Let wi+1 = u
n
i+1w
mi+1
i+2 , wi = u
n
i w
mi
i+1, . . . , w2 = u
n
2w
m2
3 . Clearly w1 = u1w
m1
2 . As
in Claim 1 of the proof of Theorem A we see that ϕ(w1), . . . , ϕ(wi+1) are loxodromic
and arguing as in the conclusion of the proof of Theorem A we get |ϕ(w1)| > i, a
contradiction. 
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6. Applications
Given a group G and an element g ∈ G, let ĝ : G 7→ G be the map given by
ĝ(x) = g−1xg, x ∈ G.
6.1. Applications to endomorphisms of the group HEG. The following lemma
is a special case of Lemma 6.14, where the proof uses Bass – Serre theory. It can
be also proved directly by using normal forms.
Lemma 6.1. Let H be a subgroup of a free product A ∗ B. If every element of H
is conjugate to an element of B, then the whole group H is conjugate to a subgroup
of B.
Let xi ∈ HEG be the element corresponding the i-th loop of the Hawaiian earring.
For any natural n, the subgroup HEGn generated by x1, . . . , xn is free of rank n.
Remark 6.2. The group HEG is acylindrically hyperbolic. To see this, we use
the decomposition HEG = HEGn ∗HEG
n, which holds for any n ∈ N as mentioned
in Section 2. Let Γn be the Cayley graph of HEG with respect to the generating
set Yn = {x1, x2, . . . , xn} ∪ HEG
n. This Cayley graph is tree-like, and hence
hyperbolic, and it is easy to check that HEG acts acylindrically and nonelementary
on Γn. Hence, HEG is acylindrically hyperbolic with respect to Yn (see Definition
(AH1)). Moreover,
Ell (HEGy Γn) =
⋃
g∈HEG
ĝ (HEGn). (6.1)
Corollary 6.3. For any endomorphism ϕ : HEG → HEG there exists g ∈ HEG
such that the following holds: For any natural n, there exists a natural m such that
(ĝ ◦ ϕ)(HEGm) ⊆ HEGn .
In particular, for i > m + 1, the elements (ĝ ◦ ϕ)(xi) considered as reduced words
do not contain the letters x1, . . . , xn.
Proof. Let ϕ : HEG→ HEG be an endomorphism and let n be an arbitrary natural
number. By Theorem A, applied to G = HEG acting on its Cayley graph Γn (see
Remark 6.2), there exists a natural number f(n) such that
ϕ(HEGf(n)) ⊆ Ell (HEGy Γn).
Without loss of generality, we may assume that the function f : N→ N is monotone
increasing. Using (6.1), we deduce
ϕ(HEGf(n)) ⊆
⋃
g∈HEG
ĝ (HEGn).
Thus, each element of ϕ(HEGf(n)) is conjugate to an element of the second factor
of the free product HEG = HEGn ∗HEG
n. By Lemma 6.1, there exists gn ∈ HEG
such that
(ĝn ◦ ϕ)(HEG
f(n)) 6 HEGn . (6.2)
It remains to show that gn can be chosen independently of n. Since the function f
is monotone increasing, we have
ϕ(HEGf(n+1)) ⊆ ĝn
−1
(HEGn)
⋂
ĝn+1
−1
(HEGn).
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Case 1. Suppose that ϕ(HEGf(n+1)) 6= 1. Then, since HEGn is malnormal in
the free product HEG = HEGn ∗HEG
n, we have gn+1g
−1
n ∈ HEG
n. Therefore
there exists zn ∈ HEG
n such that gn+1 = zngn.
Case 2. Suppose that ϕ(HEGf(n+1)) = 1. Then we redefine gn+1 by setting
gn+1 = gn.
Thus, we may assume that for any n, there exists zn ∈ HEG
n such that gn+1 =
zngn. We set g = (. . . z2z1)g1. Then (6.2) implies that
(ĝ ◦ ϕ)(HEGf(n)) 6 HEGn
for any n. 
The following corollary follows straightforward from Corollary 6.3. Recall that
HEG is a topological group with respect to the topology T described in Section 2.
Corollary 6.4. Any endomorphism of the abstract group HEG is continuous with
respect to the topology T of the topological group HEG.
The following corollary also follows straightforward from Corollary 6.3. It was
first proved by Eda in [13, Corollary 2.11].
Corollary 6.5. (see [13]) For any endomorphism ϕ : HEG → HEG there exists
g ∈ HEG such that the endomorphism ĝ ◦ ϕ is induced by a continuous map from
the Hawaiian earring E to itself preserving the basepoint (0, 0).
6.2. Applications to homomorphisms to relatively hyperbolic groups. We
use the terminology of the monograph [22]. Let G be a relatively hyperbolic group
with respect to a collection of subgroups {Hλ}λ∈Λ. Let X be a finite relative
generating set of G with respect to {Hλ}λ∈Λ and let Γ = Γ(G,X ∪H) be the right
Cayley graph of G with respect to the generating set X ∪H, where
H = ∪
λ∈Λ
Hλ.
It is proved in [22] that the elements of G are either elliptic or loxodromic with
respect to the left action of G on Γ(G,X ∪H). This classification of elements of G
does not depend on the choice of the finite set X . Moreover, the elliptic elements
of G are precisely those which have finite order or conjugate to elements of H.
We call a subgroup H of G parabolic if it is conjugate to a subgroup of Hλ for
some λ ∈ Λ. Otherwise we call H non-parabolic.
Lemma 6.6. (see [2, Lemma 2.9]) Let H be a subgroup of a relatively hyperbolic
group G. Then H contains a loxodromic element if and only if H is infinite and
non-parabolic.
Proposition 6.7. (see [23, Proposition 5.2]) Let G be a relatively hyperbolic group
with respect to a collection of subgroups {Hλ}λ∈Λ. Let X be a finite relative gen-
erating set of G with respect to {Hλ}λ∈Λ. Then the canonical action of G on the
Cayley graph Γ(G,X ∪H) is acylindrical.
Corollary 6.8. Let G be a relatively hyperbolic group with respect to a collection
of subgroups {Hλ}λ∈Λ. Let ϕ : HEG → G be a homomorphism. Then there exists
n ∈ N such that the subgroup ϕ(HEGn) is finite or parabolic.
ACYLINDRICALLY HYPERBOLIC GROUPS 17
Proof. Let X be a finite relative generating set of G with respect to {Hλ}λ∈Λ. By
Proposition 6.7, G acts acylindrically on the Cayley graph Γ = Γ(G,X ∪ H). By
Theorem A, there exists a natural number m such that ϕ(HEGm) ⊆ Ell(G y Γ).
Thus, ϕ(HEGm) does not contain loxodromic elements. By Lemma 6.6, ϕ(HEGm)
is finite or parabolic. 
We obtain a similar result (Corollary 6.12 below) for completely metrizable and
locally compact Hausdorff topological groups by imposing a mild cardinality con-
dition on the group G.
Proposition 6.9. (see [6, Proposition 3.5]) Suppose that H is either a completely
metrizable or a locally compact Hausdorff topological group, ϕ : H → G is an
abstract homomorphism, and |G| < 2ℵ0 . Then there exists an open neighborhood V
of 1H such that for any neighborhood 1H ∈ V ′ ⊆ V we have ϕ(V ′) = ϕ(V ). Such a
ϕ(V ) is, in particular, a subgroup of G.
We will use the following corollary of Proposition 6.9.
Proposition 6.10. Suppose that H is either a completely metrizable or a locally
compact Hausdorff topological group, ϕ : H → G is an abstract homomorphism,
and |G| < 2ℵ0 . Then, for any open neighborhood U of 1H there exists an open
neighborhood 1H ∈ U ′ ⊆ U such that ϕ(U ′) is a subgroup of G.
Proof. Let V be the open neighborhood of 1H from Proposition 6.9. Then we can
take U ′ = V ∩ U . 
Remark 6.11. The cardinality restriction in Proposition 6.10 is essential. For
example, R is both completely metrizable and locally compact Hausdorff topological
group, and the identity homomorphism ϕ : R → R does not satisfy the conclusion
of this proposition.
The following is proved just as in Corollary 6.8 by using Theorem B and Propo-
sition 6.10:
Corollary 6.12. Let G be a relatively hyperbolic group with respect to a collection
of subgroups {Hλ}λ∈Λ with |G| < 2
ℵ0 . Let ϕ : H → G be a homomorphism with
H either completely metrizable or locally compact Hausdorff. Then there exists an
open neighborhood V of 1H for which ϕ(V ) is a finite or parabolic subgroup.
From Corollaries 6.8 and 6.12 one obtains new results regarding automatic con-
tinuity. Recall that a group G is n-slender if for every abstract homomorphism
ϕ : HEG → G there exists n ∈ N such that HEGn 6 ker(ϕ). Similarly G is cm-
slender (respectively lcH-slender) if every abstract group homomorphism from a
completely metrizable (respectively locally compact Hausdorff) topological group
to G has open kernel [6]. These can be considered as a strong type of automatic con-
tinuity: one can endow a cm-slender group G with the discrete topology and assert
that any abstract group homomorphism from a completely metrizable topological
group to G is continuous. Free groups, Thompson’s group F , Baumslag-Solitar
groups, Z[ 1m ], torsion-free word hyperbolic groups, graph products of such groups
and numerous other groups are now known to satisfy these notions of slenderness.
A group which is either n-slender, cm-slender, or lcH-slender must be torsion-free.
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Corollary 6.13. If G is torsion-free and relatively hyperbolic with respect to a
collection {Hλ}λ∈Λ of n-slender (respectively cm-slender, lcH-slender) subgroups,
then G is also n-slender (respectively cm-slender, lcH-slender if |G| < 2ℵ0).
Proof. Suppose G is torsion-free, relatively hyperbolic to a collection of n-slender
subgroups. Let ϕ : HEG→ G be a homomorphism. By Corollary 6.8, there exists
some n ∈ N for which ϕ(HEGn) is parabolic. Then the restriction ϕ ↾ HEGn is
a map from an isomorphic copy of HEG to an n-slender group, so there exists an
m > n for which ϕ ↾ HEGm is the trivial map. Thus G is n-slender.
Suppose G is torsion-free, relatively hyperbolic to a collection of cm-slender
subgroups and |G| < 2ℵ0 . Let ϕ : H → G be a homomorphism with completely
metrizable domain. Select an open neighborhood V of 1H as in the conclusion of
Corollary 6.12. If ϕ(V ) is trivial, then we are done. Else ϕ(V ) lies in a conjugate
J of some Hλ, see Corollary 6.8. Then ϕ
−1(J) is an open subgroup of H (indeed,
ϕ−1(J) contains the open set V ), and therefore closed as a subgroup of H , and
therefore completely metrizable. As J is cm-slender we know that ker(ϕ ↾ ϕ−1(J))
is open in ϕ−1(J). Thus ker(ϕ) is open in H . The proof in the locally compact
Hausdorff case is entirely analogous. 
6.3. Applications to homomorphisms to fundamental groups of graphs of
groups. For a graph Γ we denote by Γ0 the set of its vertices and by Γ1 the set
of its edges. For any edge e ∈ Γ1, let e− be the initial vertex of e and e+ be the
terminal vertex of e. Let e−1 be the edge inverse to e.
We recall some terminology from the book [27]. A graph of groups is a pair
G = (Γ,G), where Γ is a connected graph and G is a triple consisting of groups
Gv, where v ∈ Γ0, of groups Ge where e ∈ Γ1 (we require that Ge = Ge−1), and
of embeddings αe : Ge → Ge
−
and ωe : Ge → Ge+ where e ∈ Γ
1 (we require that
αe = ωe−1). A graph of groups (Γ,G) is called finite if Γ is finite.
Let ∆ be a maximal subtree of Γ. The fundamental group π1(Γ,G,∆) of the
graph of groups (Γ,G) is the group generated by the elements of Gv (v ∈ Γ1) and
the elements te (e ∈ Γ1), subject to the relations
t−1e αe(g)te = ωe(g), g ∈ Ge, e ∈ Γ
0,
te−1 = t
−1
e , e ∈ Γ
0,
te = 1, e ∈ ∆
1.
The group π1(Γ,G,∆) is independent, up to isomorphism, of the choice of the
maximal tree ∆. The subgroups Gv of the group G = π1(Γ,G,∆) are called the
vertex subgroups of G. Particular cases of fundamental groups of graph of groups
are amalgamated products and HNN extensions.
The group G acts by left multiplications on the Bass-Serre tree T associated with
(Γ,G), see [27]. Recall that the vertices of T are the cosets gGv, where g runs over
G and Gv runs over vertex subgroups of G. It is well known that each element of a
group acting on a tree has either a nonempty fixed points set (which is a subtree),
or an invariant axis where it acts by translation through a nonzero distance. In the
first case the element is called elliptic, in the second one loxodromic.
The following lemma generalizes [27, Proposition 26].
ACYLINDRICALLY HYPERBOLIC GROUPS 19
Lemma 6.14. Let G be a group acting on a tree T . Suppose that S is a subset of
G such that each element x ∈ S∪(S ·S) fixes an point of T (depending on x). Then
the set S fixes a point of T ∪ ∂T . Moreover, if S is finite or 〈S〉 acts acylindrically
on T , then S fixes a point of T .
Proof. For any nonempty subset X ⊆ G let TX be the fixedpoints set of X in T .
Since each element of S∪(S ·S) is elliptic, we have, by [27, Lemma 10], that TX 6= ∅
for any nonempty finite subset X of S.
Suppose that S does not fix a point in T , i.e. TS = ∅. Then there exists a chain
of subsets S1 ⊂ S2 ⊂ . . . of S such that |Si| = i for i ∈ N and the corresponding
chain of fixed subtrees TS1 ⊃ TS2 ⊃ . . . is strictly decreasing.
Then there exist non-degenerate finite segments R1, R2, . . . in T such that R =
R1R2 . . . is an infinite ray and R ∩ TSi = RiRi+1 . . . for any i > 1. We show that
the limit point R∞ of this ray is fixed by any element of S.
Let s be an arbitrary element of S. For any natural i, let Bi be the component
of T \ int (Ri) containing the ray Ri+1Ri+2 . . . . Then TSi+1 ⊆ Bi. Since T{s}∪Si+1
is a nonempty subtree of TSi+1 , we have T{s} ∩ Bi 6= ∅ for any i. Therefore there
exists a natural k = k(s) such that RkRk+1 . . . is contained in T{s}. This implies
that s fixes R∞.
Now we prove the last statement. If S is finite, this statement is exactly [27,
Lemma 10]. Suppose that S is infinite and 〈S〉 acts acylindrically on T . Then
there exists a natural n such that the stabilizer of any ray in T contains at most
n elements. Suppose that S does not fix a point in T . Then there exists a point
p ∈ ∂T that is fixed by S. Let Sn+1 be a subset of S containing (n + 1) elements.
Since each s ∈ Sn+1 is elliptic, there exists a point t(s) in T which is fixed by s.
Then Sn+1 stabilizes the ray ∩
s∈Sn+1
[t(s), p]. A contradiction. 
Our nearest aim is to give a condition which provides the acylindricity of a group
action on a simplicial tree. The following definition is very similar to the definition
of Sela of k-acylindricity and to the definition of Bowditch of acylindricity.
Definition 6.15. Let G be a group acting on a simplicial tree T . Let k and n be
natural numbers. We say that G acts on T (k, n)-acylindrically if the pointwise
stabilizer of any segment of T of length k contains at most n elements.
Lemma 6.16. Let G be a group that acts (k, n)-acylindrically on a simplicial tree T .
Then for any loxodromic element a ∈ G and any nonzero integer m, there exists at
most n elements b satisfying a = bm.
Proof. Let b and b1 be two loxodromic elements satisfying b
m = bm1 . Then the
axes of b and b1 are coincide, they have the same translation length and translation
direction. Then b1b
−1 fixes this axis pointwise, hence the number of b1b
−1 is at
most n. 
Proposition 6.17. An action of a group G on a simplicial tree T is (k, n)-
acylindrical for some k, n if and only if it is acylindrical in the sense of Defini-
tion 3.3.
Proof. Suppose that G acts on T (k, n)-acylindrically. We prove that G acts on T
acylindrically in the sense of Definition 3.3. For that we check that for any integer
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σ > 1 and any two vertices u, v ∈ T 0 with d(u, v) > k + 2σ + 2σ2 the set
M = {g ∈ G | d(u, gu) < σ, d(v, gv) < σ}
contains at most 2σn2 + n elements.
Let u1, u2, v1, v2 be vertices on [u, v] such that d(u, u1) = σ, d(u1, u2) = σ
2,
d(v1, v) = σ, d(v2, v1) = σ
2. Thus, [u1, v1] is the central subsegment of [u, v] of
length at least k+2σ2 and [u2, v2] is the central subsegment of [u1, v1] of length at
least k. Let g be an element of the set M.
Case 1. Suppose that g acts elliptically on T . Then g has fixpoints on the
segments [u, gu] and [v, gv]. Since the fixpoint set of g is connected, it contains the
segment [u1, v1]. Since the length of this segment is larger than k, the number of
such g is at most n.
Case 2. Now suppose that g acts loxodromically on T . Then the translation
length t(g) of g is at most σ. Moreover, the axis of g has edges in [u, gu] and in
[v, gv]. Then [u1, v1] lies on the axis of g. Let f be another loxodromic element
fromM. Then [u1, v1] lies on the axes of g and f and 0 < t(g) 6 σ and 0 < t(f) 6 σ.
Let h ∈ {f, f−1} be the element with the same translation direction as g. Then
gt(h)(ht(g))−1 pointwise fixes [u2, v2]. Since the length of [u2, v2] is at least k, the
number of possible elements gt(h)(ht(g))−1 is at most n. For the selected g the
number of possible ht(g) is at most σn. By Lemma 6.16, the number of possible h
is at most σn2. Hence the number of possible f is at most 2σn2 and we are done.
The other implication is trivial. 
Remark 6.18. The definition of the (k, n)-acylindricity can be written in purely
algebraic terms. For example, if G = A∗CB, then the action of G on the associated
Bass-Serre tree is (2, n)-acylindrical if and only if |Cg ∩C| <∞ for every g ∈ G\C.
Corollary 6.19. Let G be the fundamental group of a finite graph of groups (Γ,G).
Suppose that the action of G on the Bass-Serre tree associated with (Γ,G) is (k, n)-
acylindrical for some k, n ∈ N. Then for any abstract group homomorphism ϕ :
HEG→ G, there exists a natural number m such that ϕ(HEGm) is conjugate to a
subgroup of a vertex subgroup of G.
Proof. Let T be the Bass-Serre tree associated with the graph of groups (Γ,G).
Since Γ is finite, G acts coboundedly on T . By Lemma 6.17, this action is acylin-
drical, and the statement directly follows from Theorem A and Lemma 6.14. 
The following corollary follows directly from Theorem B, Lemma 6.14, and the
fact that for any open neighborhod V of 1H , there exists an open neighborhood U
if 1H such that U · U ⊆ V .
Corollary 6.20. Let H be a topological group which is either completely metrizable
or locally compact Hausdorff. Let G be the fundamental group of a finite graph
of groups (Γ,G). Suppose that the action of G on the Bass-Serre tree associated
with (Γ,G) is (k, n)-acylindrical for some k, n ∈ N. Then for any abstract group
homomorphism ϕ : H → G there exists an open neighborhood V of identity 1H such
that ϕ(V ) is conjugate to a subset of a vertex subgroup of G.
We obtain the following from Corollaries 6.19 and 6.20:
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Corollary 6.21. Suppose that G is the fundamental group of a finite graph of
groups (Γ,G) where each vertex group Gv is n-slender (respectively cm-slender, lcH-
slender) and that the action of G on the Bass-Serre tree associated with (Γ,G) is
(k, n)-acylindrical for some k, n ∈ N. Then G is n-slender (respectively cm-slender,
lcH-slender).
Proof. We prove the cm-slender case and the other proofs are analogous. Let G
be as in the hypotheses with each vertex group cm-slender and ϕ : H → G be
an abstract homomorphism from a completely metrizable topological group. By
Corollary 6.20 we select an open neighborhood V0 of 1H and J 6 G which is
conjugate to a vertex subgroup of G such that ϕ(V0) ⊆ J . Then ϕ−1(J) is an
open subgroup of H , and therefore closed as well. Since J is cm-slender and the
restriction ϕ ↾ ϕ−1(J)→ J has completely metrizable domain there exists an open
neighborhood V ⊆ ϕ−1(J) of 1H for which ϕ(V ) is trivial. Since V is also open in
H we conclude that G is cm-slender. 
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